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4.0 INTRODUCTION 


This unit sets out to answer two questions. The first, arising from Block I, Unit 1, 
is the problem of how to predict the success or failure of formula iteration, 
Xnvt =S(%n)s 

from knowledge of the function f. The second, arising from Unit 1 of this block, is 
the problem of detecting whether or not a curve has horizontal tangents. We shall 
need the language and techniques of inequalities to investigate these two 
problems and we shall make use of sketch graphs of various functions to illustrate 
the ideas. 


In Section 4.1 we recap on formula iteration and describe, more precisely than 
before, what we mean by a “successful” iteration. 


Section 4.2, which is independent of Section 4.1, investigates the problem of 
finding tangents to graphs and develops a technique for finding slopes of 
tangents. The TV section, Section 4.3, shows how knowledge of the behaviour of 
tangents enables you to predict the behaviour of formula iteration. 


Section 4.4 aims to provide practice at finding slopes of tangents to the graphs of 
functions that we have been discussing previously in this block. Finally, in Section 
4.5, we look at some useful language and notation for describing the methods 
used in this unit. 


4.1 FORMULA ITERATION REVISITED 


We begin this section by reminding you of the method of formula iteration, 
Xn+1 = f(x,), used in Block I, Unit 1, to solve equations. We shall also introduce a 
graphical representation of iteration which will help to explain why some 
iterations converge and some do not, 


Problem 4.1.1 
(i) Use the iteration rule 
Xne1 = x2 — 4x, + 6 
to write down, to two decimal places, x, x5, 
(a) x, =3.5; (b) x; = 1.5, 
(ii) For which equation have you an approximate solution in part (i)(b)? 
(iii) Find both solutions of the equation in the solution to part (ii). 


x, Starting from 


Solution 4.1.1 illustrates two of the sorts of behaviour of formula iteration that 
you have already met. Starting with x; = 3.5, the iteration “blew-up” 
diverged; starting with x, = 1.5, the iteration converged to the solution an 
However, the equation 
x=x?-4x +6 

has two solutions, 2 and 3, and neither of our starting values gave an iteration 
converging to 3, In order to stand a chance of converging to 3 with this iteration 
Tule, it seems reasonable to take x, close to 3. 


Problem 4.1.2 

Investigate the behaviour of the iteration using the rule 
Xn+1 = x2 — 4x, + 6 

for (i) x;=29; (ii) x) =3.1. 


In fact, for the iteration rule x,,.; =x? — 4x, + 6, any starting value near to 2 
will give an iteration converging to 2 but no starting value, however close to 3, will 
give an iteration converging to 3. To help explain these differences in behaviour, it 
is useful to have a pictorial representation of formula iteration. 


Although we can solve quadratic 
equations by other methods, we use 
them to illustrate formula iteration, 


We ask you to write down your 
answers to two decimal places; 
however, you should carry out the 
calculation using full accuracy, 
storing the current x, value in 
memory. 


To the accuracy of our calculator, 
Xe = x7 =2, 


Of course, a starting value x, =3 
will give x, = x3...=3. 
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The solutions of the equation 

x=x?-4x+6 
occur when the value of x and the value of x? — 4x + 6 are equal. So, ifwe plot the 
graphs of 

yur 
and 

y=x?—4x+6 (=(x —2)? +2 in completed square form) 
then the solutions of the equation x = x? — 4x + 6 will be the x-values where 
these graphs intersect. 


ya 


44 


We now use the above diagram to illustrate what happened in the convergent 
iteration of Solution 4.1.1(i)(b). 
We started with x; = 1.5, and calculated 
X2 =S(1) 
where, in this case, 
f(x) =x? —4x +6. 


This is illustrated by the vertical line AB in the diagram below. 


ie. y=(x- 27° +2 


ya 

i) x 
yax 

ya 

at 

a4 

2+ 

1+ 

) 1 2S 
y= -4x+6 
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Corresponding to x, = 1.5 at A on the x-axis, we obtain the point B whose 
coordinates are (1.5, 2.25), ie. 

(x1,f(61)) = @1.x2). 
Now, all points on the horizontal line through B have the same y coordinate, 
namely x2, and so C which is on the line y = x has coordinates (x, x2). Thus the 
point D on the x-axis corresponds to x2 = 2.25. Summing up, we have moved 
from x, on the x-axis to x2 on the x-axis by two steps: 

Step 1: move vertically to the curve y = f(x); 

Step 2: move horizontally to the line y = x. 


If we repeat these steps but start with x,, we obtain 
(x2.f(x2)) = (%2,x3) (= (2.25, 2.0625) in this case) 
on the curve at E and then 
(x3,X3) 
on the line y = x at F. 


3+ 


Step 1: CtoE 
Step 2; Eto F 


Xy x, 


Repeating these two steps will always take us from the current approximation, x, 
to the next, x,,,. Graphically, starting with x, on the x-axis, we obtained a 
sequence of points, on the line y = x, whose coordinates are 

(x2,X2) (Con the diagram), 

(x3,X3) (F on the diagram), 

(X44), 

ete. 
As these points move towards (2,2), the intersection of the graphs, the sequence of 
numbers 

X13 Xa; Xs5005 
corresponding to the points A, D, G,... converges to the solution 2. 


When we draw the same type of diagram but start with x, near 3, we see that these 
iterations do not converge to 3. 


For x, = 3.2, the corresponding sequence diverges ; from the diagram overleaf, it is 
fairly clear that any starting point to the right of 3 will give a divergent sequence. 
For x, = 2.8, the corresponding sequence converges, but to 2 not 3; if you 
experiment graphically, you should be able to convince yourself that any starting 
value strictly between 2 and 3 will give a sequence converging to 2. 


In this case, f(x) = x? — 4x + 6, 


Vertically to the curve, horizontally 
toy=x. 


i.e. any starting value x, belonging 
to the open interval ]2,3[. 
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Problem 4.1.3 
(i) Sketch, on the same axes, the graphs of 
yeux 
and 


xt+4x—f. 


(ii) What equation is satisfied by the x coordinates of the points of intersection of 
these two graphs? 


(iii) Use the solution to part (i), and the graphical method described above, to 
predict the behaviour of the iteration using the rule 
Xn = —Xa + 4x, 3, 
starting with (a) x, = 2; (b) x; = 0.6. 
(iv) Use the solution to part (i) to predict the behaviour of the iteration using the 
rule X,41 = —xz + 4x, — J for a starting value 


(a) just to the left of the smaller solution; 
(b) between the two solutions; 
(c) just to the right of the larger solution. 


Based on the above examples, it is reasonable to conjecture that the behaviour of 
the iteration using the rule 


Xv =S(%n) 
depends on the shape of the graph of 

y=f(x) 
near the solutions of the equation 

x = f(x). 
Before we go any further, we ought to be a little more precise about what we mean 
by the sequence of approximations x, ,X2,..,,X,,-.. converging to the solution « 
of the corresponding equation. 
The numbers 

= X yy. = K95 Gh — Xgyves 
represent how good the approximations 

Sip Xauhese: 
are to the solution «. So what we require is that the differences « — x, tend to zero 
as n gets larger. 


In the last section of this unit, we 


shalll be a lit 
the idea o 
gets larger”. 


tle 


more precise about 
nding to zero as n 
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In Solution 4.1.1(i)(b), we obtained the approximations 
xX, = 1.5, xz = 2.25, x3 = 2.0625, 
to the solution « = 2. The differences ~ — x, are 
0.5, —0.25, —0.0625,... . 
Now, x2 (=2.25) is a better approximation to « (=2) because the difference, 
—0.25, is closer to zero than is 0.5. 


-0.25 0 0.5 
Sy + 


Distance =0.25=|- 0.251 Distance = 0.5 =| 0.51 


What we are interested in is comparing the distances of these successive 
differences from 0, i.e. the moduli of the differences. To repeat, x2 is better than x, 
as an approximation to « because 
|—0.25| < (0.5), 
ie. 
Jt — X2| < Ja — x4]. 
Similarly, x3 being better than x, as an approximation to « corresponds to 
|x — x3] < la — x2}, 
which is true in this case since |—0.0625| < |—0.25), 


We can interpret these ideas geometrically. 


ye 


Distance x2 - a 


(2, 2) 


ax 


ax 


> 
a 


The slope of the line joining (x,,x2) (=(1.5,2.25)) to (aa) (=(2,2)) is 
%— Xx) 
a—x, 

We can rearrange 
la — xa] < Ja — x4] 

as follows: 
la — x4] — la — x2] > 0; 

and since |x — x,| — |w — x| and |x — x,| are both positive, their quotient, 
lx — xa| — lo = xa} 

la — x1] 
is positive. Thus 


(which is negative in this case), 


y— al 

la — x4] 

* \a — x; 
Le. I al * 

ja — x1] 


Such a line joining two points on a 
curveis called a chord, and has slope 
difference in y-values 
corres. difference in x-values’ 


A < B means B — A is positive. 
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a= xa| 
la — x3] 
better than x, as an approximation to & as: 

the modulus of the slope of the chord joining (x,,x2) to (a,«) is less 
than 1. 


a (Sod " 
isjust the modulus of the slope, 5 = , 80 we can interpret x, being 
— x 


Exactly the same argument shows that x3; being better than x, as an 
approximation to « corresponds to the modulus of the slope of the chord joining 
(x2,X3) to (,«) being less than 1. In general, if x,,, is better than x, as an 
approximation to « then 


|slope of chord joining (x,,X,+1) to (o0)| <1. 


Although we have used the particular example 
Xavi =S(%q) with f(x) =x? — 4x + 6, 
the same argument holds quite generally: if x,,, is closer than x, to a, then 
—Xnt1 
a—X,y 
ie. the corresponding chord has slope with modulus less than 1. Conversely, if we 
were able to calculate the slope of the chord joining (x, X;,4 1) to (#,«) directly, and 
found that its modulus was less than 1, then we would know that x,,,., was better 
than x, as an approximation to a. 


<i, 


ye 


Ichord slope|< I 


Cine Syed) 
Ce hm 


graph of 
iteration function 


> 
0 5 x 
va 
Ichord slope! < 1 
(py Xn 0), 
Kneib—— 3 graph of 


iteration 
function 


Let us now have a look at the example from Problem 4.1.3 in the light of the 
discussion above. It appeared, in Solution 4.1.3, that the iteration rule 


Kote = KE 14x, —F 
produced a sequence of approximations converging to the larger solution of 
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x = —x?+44x —J, provided that x, was chosen sufficiently close to this 
solution. 


ye 


0 


It is clear that there is a solution of x = —x? + 4x — Jin the interval [2, 2.5]; we 
shall call this solution « We shall now show that, if we take a starting value x, 
anywhere in [2, 2.5], then x, is better than x, as an approximation to a, i.e. we shall 
show that 


a— xX, 
4) < 1, 


ja — Xy 
We calculate x, from x, by 
xa = —x} + 4x, —3, 
and « is a solution of x = —x? + 4x — 3, so 
a= —a? + 4a—j. 
Thus, the modulus of the slope of the chord joining (x1, x2) to (a, «) is 


Ja—x2|_ |(—a? +4a-9) — (-x3 +4m1 —D 
la —x,| a— xX 
? + x7 + 4a— 4x, 


a—x 
We can simplify this expression by using the fact that 

a? — x} = (%— x,)(a + x,), We then have 

0 + xt +4a—4x1|_ |-(? — x7) + 4 — x1) 


%— XxX, a—x; 

—(% — xy )(% + x1) + 4% — x4) 

~ Peale Hen 
=|-(@+ x1) +4). 


We know that « and x, are in the interval [2,2.5] and that « is neither 2 nor 2.5. 
Hence « + x, lies somewhere strictly between 4 and 5. Thus 4 — (« + x,) lies 
strictly between 0 and —1. So, certainly. 

|-(@+x1)+4/<1, 
i.e. the modulus of the slope of the chord is less than 1, justifying our assertion that 
X is better than x, as an approximation to «. 
We now know quite a lot about the iteration using the formula 

Xn = —Xq + 4% — F. 
If we start with x, reasonably close to the solution « in (2, 2.5], then x2 will be 
closer than x; to « and, almost certainly, also lie in [2,2.5] because « (=2.2) is 
near the middle of [2, 2.5]. Provided that x2 is in [2, 2.5], the same type of chord- 
slope argument as above will show that x; is closer than x to %, and so on. 


You can justify this statement by 
showing that (—x? + 4x — }) —x 
is positive at one end of the interval 
and negative at the other end. 


In order to have a chord, we need 
(x1,%2) and (aa) to be distinct 
points. Thus « # x,, and we may 
divide by the non-zero term 
a—X,. 


@ near here 


x % 


closer to @ 
than x; 
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In this case, not only do the distances between x,,X2,... and a, ie. 

a — x1} | — x2h---s 
decrease in size, but they actually tend to zero, so that the sequence of 
approximations 

Xp)Xay-0 
converges to a. (For general sequences, we must be careful of drawing such 
conclusions, as the following example indicates: the distances between the terms of 
the sequence 


1 
24,28, 2b, 2+ eee 


and 1 do decrease in size but do not tend to zero.) 


Let us review what we have done in the more general context of finding out when 
a formula iteration converges. The modulus of the slope of the chord joining the 
point 

(Xny Xn 1) 
to the “solution point” 

(a, a) 
determines whether or not x, is better than x, as an approximation to «, It 
seems very likely that if all chords passing through (a, «) and points reasonably 
close to (a, «) have slope with modulus less than 1, and we start the iteration 
reasonably close to «, then the iteration will converge. 


Thus, to test a given formula iteration for likely success, we should have to 
calculate slopes of chords. In anything more than very simple cases, this is a 
daunting prospect. In Section 4.3 of this unit we shall develop a more easily 
applied test; meanwhile, we close this section with a problem which reviews the 
basic ideas about chord slopes. 


Problem 4.1.4 


(i) The diagram below shows part of the graphs of y = x and y = 5 x + 2). 


(a) From the graphs, write down, to one decimal place, an approximate value 
of the positive solution, a, of the equation 


b-} 


(b) Use the diagram to predict the behaviour of the iteration rule 


1 2 
bool ee 


with starting value x, = 1. 


If “reasonably close” is made a 
little more precise, this statement is, 
indeed, true, but a full justification 
is well beyond the scope of a 
foundation course, 
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(ii) (a) Write down an expression for the slope of the chord joining (x,, x2) and 
(«,«), and use your approximate value for « to estimate the modulus of this 
chord slope. 


(b) Repeat part (ii)(a) for the chord joining (x2,x3) and (, a). 


(c) Find an expression (in terms of x, and «) for the slope of the chord joining 
(Xn. %nv1) and (x, «), By using the fact that « satisfies 


leant 

mr) Wir 
show that the modulus of this chord slope is 
f 1 


2 
and estimate this modulus when x, is close to «. 


Solution 4.1.4 illustrates two things. Firstly, the involved algebra required to 

investigate even a fairly simple formula iteration. Secondly, that chord slopes 

close to zero near a “solution point” («, ) are a very good thing. The modulus of Slope close 
the chord slope in part (ii)(c) is i 


(a, a) 


lo xy | 
much smaller than 
Ja ~ xy] 


and if this is very close to zero then the numerator, |x — x, |, must be much 
closer to zero than is |x — x,|, i.e. x, 1 is much better than x, as an approximation 
to a, 


4.2 TANGENTS 


In this section we take up one of the problems posed in Unit / of this block — that 
of giving an algebraic definition of what we mean by a tangent to the graph of a 
function. In that unit we stated that our three basic cubic curves, 


had, respectively, no horizontal pane ve panzer tangent (where x = 0) 


and two horizontal tangents |where x = Syand x= af - The methods we shall Thisis the same aswe gavein Unit 1 
because 

now discuss will enable us to justify me statements. ce ens 

Rather than start with cubics, we shall explore the basic ideas by looking at a RSs ay 3 


simpler graph —that of y = x*. To get into the problem, let us look at a specific 
question: 
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What is the equation of the tangent to 
the graph of y = x? at the point (2,4)? 


wi he 
equation of this 


What do we mean by this tangent? First of all, it is a line through the point (2,4) on 
the curve, Ofall such lines, we want to select the one which just touches the curve 
at (2,4). We can write down the equation of a line through (2,4) once we know 
what its slope is. Let us assume, then, that the slope is m; then the equation of the 
line must be of the form 


y=mx+e 
for some value of c. However, the line is co pass through (2,4) so 
‘i 4=mx2+o, 
Le. 
c=4-—2m. 
Hence the equation of the line through (2,4) with slope m is 
y=mx + (4 — 2m). (2,4) 


The tangent intersects the curve in just one point, whereas other lines through 
(2,4) cut the curve in two points. To find out where 

y=mx + (4 — 2m) 
intersects 

y=x, 
we solve the equation 

x? = mx + (4 — 2m). 
Rearranging this, we obtain 

x? — mx + 2m-4=0. 
We already know that one point of intersection occurs when x = 2, so this 
quadratic equation can be factorized as 


(x — 2)(x...) =0. 
To get the constant term, 2m — 4, correct, the factors must be 
(x — 2)(x + 2—m)=0. You can check this by multiplying 


The two solutions are out the brackets. 


x=2 and x=m-—2. 
If the line is to be a tangent, there must be only one point of intersection, and this 
will happen when x = 2 and x = m — 2 are the same. This requires 
2=m-—2, 
m=4. 
Hence the tangent to y = x? at the point (2,4) has slope 4 and equation 
y=4x+(4-2x4), 
y=4x-4 


ie. 


ie. 
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Problem 4.2.1 


Use the above technique to find the slope of the tangent toy = x? at the point (3,9). 
Hence write down the equation of this tangent. 


We can carry out this same procedure starting with an arbitrary point (a, a”) on 
the graph of y = x. By doing so, we shall obtain a general formula for the slope of 
the tangent to y = x? at the point (a, a”), Particular results can then be obtained 


by simply substituting in the appropriate value of a. Once we know the slope, it is easy 
to find the equation of the tangent. 


A line with slope m has an equation of the form 


y=mx+e. 

The point (a,a?) must be on this line, so 
a =ma+ec, 

Le. 
c=a*— ma. 


Thus the line through (a, a”) with slope m has the equation 
y = mx + (a? — ma). 

We find the points where this line intersects y = x? by solving 
x? = mx + (a? — ma), 


Le, 
x? — mx + ma — a? =0. 
We know that x = a is one solution, giving the corresponding factor x — a: 
(x — a)(x...) = 0, 
To get the constant term, ma —a*, correct, the second factor must be 
(x + a — m), giving: 
(x — a)(x + a — m) = 0, You can check this by multiplying 
with solutions out the brackets. 
x=a x=m-a. 
If the line is to be a tangent, these two values must be the same, which means that 
a=m-—a, 


ie. 
m= 2a. 


Thus the tangent to y = x? at the point (a, a?) has slope 2a. 


Problem 4.2.2 
(i) Use the above result to write down the slope of the tangent to y = x? at 


(a) (—1, 1); (b) (4). 
(ii) Find the equations of the tangents in part (i). 


The result can be summed up as: 
for y =x? 


slope of tangent = twice x coordinate of point. 


So, to each x-value a in R, there is associated the slope, 2a, of the tangent at the 
corresponding point (a,a*) on the curve. In other words, we have defined a 
“slope-function” with rule 


a-— slope of tangent at x =a 


ie. a— 2a. We may perfectly well denote this 
We started with the graph of the function rule by t—+2t or ur—+2u or 
x 2x, etc. 
R—R, 
xr x7, 
and we now have the “slope-function” 
R—R, 


Xr 2x. 
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The standard name for the slope-function is the derived function. Thus the derived 
function of x x? (xeR) is x-+2x (xeR). 


There is also a standard notation for derived functions: the derived function of a 
function labelled f is denoted by f’. Thus, in our example above, if 
fixx? (xeR), 
then the derived function of f is 
Sx 2x (xeR). 
Similarly, the derived function of a function g would be denoted by g’, and so on. 


Problem 4.2.3 


Find the derived function of g:x-—+ 4x — x? (x eR) by carrying out the following 
steps. 


(i) Find the equation of the line through (a,4a — a*) with slope m. 


(ii) Find the equation satisfied by the x coordinates of the points of intersection of 
this line and the graph of y = 4x — x*. 


(iii) Solve the equation in part (ii) and hence find, in terms of a, the value of m for 
which the line and the curve intersect in just one point, 


(iv) Complete: (a) the slope of the tangent to y = 4x — x? atx = ais “ 


(b)the derived function of g is g’:x-—> (xeR). 


From Solution 4.2.3, we can observe that the tangent to y = 4x — x? has slope 
zero when x = 2 because then the slope of the tangent is 
g(2)=4-2x2=0. 
Lines with zero slope are “horizontal” (ie. parallel to the x-axis). The result that 
y =4-—.x? has a horizontal tangent at (2,4) corresponds to what we should 
expect from the completed square form, 
4x —x? = —(x -2P +4, 
which indicates that the graph is as shown below. 


Se horizontal 
tangent 


It seems reasonable, therefore, to justify the assertions about the three basic cubic 
graphs by obtaining the derived functions of 


xox +x (xeR) 
xx? (xeR) 
and xox? — x (xeR) 
and then finding out where, if ever, the tangents to the graphs have slope zero. 


Unfortunately, the method we have used for finding derived functions of 
quadratics will not generalize to cubics. 


If we are looking for the tangent at A, many lines through A intersect the curve in 
three points. Even if we can find a line intersecting the curve at A and only one 
other point, it need not be the tangent at A. 


Read “/-dashed” or “/-prime”. 
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pe 


We shall use a method based on approximating the slope of the tangent by slopes 
of chords. To illustrate the idea we shall look at a very specific example: 


What is the slope of the tangent to y = x* — x at the point (2,6)? 


To begin with, we shall approximate the tangent at (2, 6) by the chord joining (2, 6) 
to (2.1,(2,1)° — (2.1)). A sketch of the situation is shown below. 


The slope of the chord is 


difference in ys — (2:49 = 21) —6 
corresponding difference inxs 2.1 —2 
_ 1.161 
~ Od 
= 11.61. 


We can obtain another estimate for the slope of the tangent by taking another 
point, closer to (2,6). 


This time we have taken an x-value 
slightly less than 2 for the other 
point on the graph. 


(1.95, 1.95" ~ 1.95) 


This time the slope of the chord is 


difference in ys _ (1.95* — 1.95) —6 
corresponding difference in xs — 195-2 
_ =0.535125 
~  =0.05 
= 10.7025. 


The diagrams suggest that the slope of the tangent lies somewhere between the 
two approximations 10.7025 and 11.61. It also seems reasonable that a chord 
joining (2,6) toa point very close to (2,6) would be a good approximation to the 
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tangent. Rather than try more numerical examples, it is now sensible to generalize 
and consider a point near (2,6) with coordinates 


(2+ A, (2 +h) — (2 +h)). 


Our two numerical examples cor- 
respond to h = 0.1 and h = —0.05. 
The diagram illustrates a positive 
value of h but, as we have seen, h 
could be negative. We cannot take 
h = 0 because we need two distinct 
points to obtain a chord. 


The slope of the chord is 
difference in ys _ (2 +h? —2 +h) -6 
corresponding difference in xs Fy (2+h)—2 
_ 8+ 12h + 6h? +h? -2—h—-6 
zs h 
_ Uh + 6h? + h* 
ei h 
=11+6h+h’. 


This algebra has revealed something which might not have been apparent even if 
we had done many more numerical examples: the slope of the chord joining 

(2,6) to (2+h,(2+h) —(2+h)) 

11+ 6h +h’, 
and the nearer to zero his, the closer this slope is to 11. Bytakinghsufficientlyclose We cannot take h = 0 because one 
to zero, the slope of the chord may be made as close to 11 as we please. Thus we step in obtaining the chord slope 
conclude that the slope of the tangent to y = x? — x at (2,6) is 11. was to divide by h. 


is 


The advantage of this technique of approximating tangents by chords is that it 
will generalize to functions other than cubics; an advantage that we pursue later, 


We can now use the above technique to find the derived function of 
f:xr—> x? — x by considering (a, a* — a) on the graph y = x* — x, rather than 
the special case (2,6). We shall set out the calculation in a systematic form that 
will be useful later, 


Take point near (a,a* — a) with x 


coordinate a + h: (a +h, (a +h) — (a + h)). 
Find slope of chord joining points 
difference in ys _ ((a +h) = (a +h)) - (@ —a) 
corresponding difference in xs * (a+h)—a 
_a® + 3a7h + 3ah? +h? —a-h-a+a 
h 


(using the Binomial Theorem) 
_ 3a*h + 3ah? +h? —h 
h 
= 3a? + 3ah+h?-1 
= (3a? — 1) + 3ah + h?. 


Investigate the value of the slope as h 

is made close to zero: only the term 3a? — 1 is unchanged; 3ah 
and h? will become close to zero as h is 
made close to zero. 
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We conclude that the slope of the tangent to the curve 


yHx—-x 
at the point 

(a,a° — a) 
is 

3a — 1. 


Thus, with the function 

fixrox—x (xeR) 
we have associated the slope function a+ 3a” — 1 (ae R), i.e. we have found the 
derived function 

S':X—+ 3x? = 1 (xeR). 
We can now justify the assertion that the graph of y = x* — x has two horizontal 
tangents. The tangent at (x, x? — x) on the graph has slope 3x? — 1, This slope is 
zero when 


3x? —1=0, 
ie. when wet 
or x =ty$ 
1 
~tTy 


Thus the tangent to y ° 3 — x will be horizontal at the rons : 
(-Js (-,) is Fa = Gea : (a) (al - ba 


ie. ie and |—~,-= > ee ee 
| V3°3V3 Gs 3/3] (v3 V3 
1 1 


These results correspond to the assertions we made, in Unit 1 of this block, about = = — Tatas 
the location of the peak and trough of the graph of y = x? — x, a v: 
The above technique for finding slopes of tangents, and hence derived functions,  ~ 3 * Ey sti 


is so important that we summarize it now in its general form. 


To find the slope of the tangent to the graph of y = f(x) at (a, f(a), 


1, Write down the coordinates of the point on the graph with x coordinate a + h, 
ie. (a+hf(a+h)). 

2. Write down the slope of the chord joining (a,f(a)) to (a + h,f(a + h)). This 
slope is 


fla +h) — fla) difference in ys 
ae 


difference in xs, 
(a+h)—a 


3. Investigate what happens to this chord slope as h is made close to zero. 
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The process in Step 3 is referred to as “letting h tend to zero”. Thus in Step 3 the 
question is whether 
S(a + h) — f(a) 
h 
tends to some value as h tends to zero. Ifso, then the value obtained is the slope of 
the tangent. 


Problem 4.2.4 


Find the slope of the tangent at (a,a*) on the graph of y = x*, and hence find the 
derived function of g:x-—+x° (xeR), by completing the following. 


(i) The coordinates of (a + h, g(a + h)) are (a + h,(a + h)?), ie. 
(a+h, ). 
(Hint: You may find the Binomial Theorem useful. ] 
(ii) The slope of the chord joining (a, g(a)) to (a + h,g(a + h)) is 
g(a +h) — g(a) _ -a 
h _ h 
(iii) As h tends to zero, this chord slope tends to [_ . 
(iv) The slope of the tangent at (a,a°) on the graph ofy=x°is[___]. 
(v) The derived function, g’, of g is 
BX (xeR). 


Problem 4.2.5 


Use Solution 4.2.4 to find the coordinates of the point(s), ifany, where y = x* has a 
horizontal tangent. 


Problem 4.2.6 


Repeat Problems 4.2.4 and 4.2.5 for the graph y= x° +x and the function 
kixr—x? + x (xeER), 


We have now justified the horizontal tangent properties of all three basic cubic 
graphs by finding the derived functions of the corresponding functions. The 
technique for finding derived functions, by looking at the value of 
S(a + h) = f(a) 
h 
as h tends to zero, is the foundation of much of the work that we shall do in 
Block III. 


In the next section we shall look at the link between formula iteration and derived 
functions. Later in this unit we shall extend the list of derived functions that we 
have obtained so far. 


Rule for function Rule for derived function 
xx? xr 2x 

xx? xr 3x? 

x 4x — x? x44 — 2x 
xroxt—x Xr 3x? — 1 

xr xt + x xr 3x? + 1 


4.3 ITERATION AND CONVERGENCE 


In this section we make use of the idea of derived function from Section 4.2 to 
obtain a test for convergence of an iteration formula with a given starting value. 
The pre-programme work includes a number of problems whose results are 
referred to in the TV programme. 
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Pre-programme Work 


Problem 4.3.1 
(i) Show that 


(ii) Find x2, x3,...,%x for the iteration formula 
a8 3 

=xi-— i 

Nat) =a — TeX t 5 


for (a) x, =0.6, (b) x, =1. 


The results of Solution 4,3.1 can be illustrated by the corresponding “staircase 
and cobweb” diagrams. 


Looking at the case x, = 0.6 in more detail 


ye 
a 


ea (Cs) 


(2. 9), 


Enlargement 


x = 0.6 


shows how the formula iteration produces a sequence of points 
(1, Xa) (X22Xa pores Kno Xn 1) 


on the graph of y = f(x). 
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The sequence of points approaches («, x), where « is a solution of the equation 
x = f(x), 


in other words, 


gee + 
16 
Problem 4,3.2 
(i) Find the slope of the tangent to the graph of 
in 3 
y= =x -— =, 
yal) SX)=x = TEx +3, 
at the point (a, /(a)) by the method outlined in Section 4.2 of this unit. (That is, 
calculate 0+) =F) », seqieind find ont wtint happénato this expression 


as h is made closer and closer to zero,) 
(ii) Write down the rule for the derived function f’ of 


foyer x43 (xeR). 


The TV programme involves handling inequalities. We require one technique 
beyond those in Unit 2, for solving inequalities involving the modulus function, 


To begin with, you may recall that one way of thinking of the modulus of x, |x|, is 

as the distance of x from the origin on a number line; thus 3 and —3 are both 3 

units from the origin and this is reflected in the fact that |3| = |—3| = 3. 
Problem 4.3.3 


(i) Find the solution set of the inequality |x| < 4, giving your answer in interval 
notation. 


(ii) Write down the solution to part (i) using inequalities (but not the modulus 
sign). 


Problem 4.3.4 
Find the solution set of |x — 1| < 3. (Hint: When is the distance of x — 1 from the 
origin less than 3?) 
We shall apply the technique of replacing 
lel <d (da positive constant) 
by -d<c<d 
or, equivalently, 
-d<c and c<d 
to inequalities of the form 
lexpression involving x| < 1. 
(We shall be particularly concerned with the case where the expression involving 
x is f'(x) for some function /.) 
Problem 4.3.5 


The iteration function in Problem 4.3.1 was 
3 


1 
=x -— = 
I(x) =x ete 


and in Problem 4.3.2 you found its derived function: 
1 


1 
(iad 
S'x) = 3x? — Fe 


20 


3 units 3 units 
——————— an 
So St te 
<2) tO CU 8 
I31=1-31=3 
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Find the values of x for which 
iol <1, 
by solving 
x? <4) 4, 
16 


expressing your answer in interval notation. 


(You may find it helpful to use the “difference of two squares” factorization 
x? — a? =(x —a)(x + a).) 


Review of Programme 


The programme opened by reviewing the behaviour of This corresponds to your in- 
u 3 vestigation in Problem 4.3.1. 
Xqt1 = Xa — Xe tS 
Ee 16 4 

for starting values of 0.6 (which gave a convergent sequence) and 1 (which gave a divergent Kye =S%) 
sequence), The results were illustrated by cobweb/staircase diagrams. The main aim of the starting value x, 
programme was to find a test which would guarantee the convergence of a formula converges if 
iteration for a given starting value. ? 


The first attempt was to require x,,, to be closer than x, to o, for every n = 1, 2,..., ie. 
Kno = a1 < [xq — a y 


As in Section 4.1, this was rewritten as 


esis) 
Xn (CRE Aen) 

and interpreted as a statement about the modulus of the slope of the chord joining 
(Xn Xne1) 0 (Ho). 
Thus a first attempt at a test for convergence was to check that the formula and starting 
values lead to 

[slope of chord from (xq,%y41) to (0 2)| <1, a, 
for all values of n = 1,2,... . “ 

I eft ; ; moi) 

As we mentioned briefly in Section 4.1, this test is impractical. The value of 2 is not known, teed 
and so checking 

|chord-slope| <1 (ea . 
will be difficult. chord-slope = 
To overcome this difficulty, attention was transferred to tangent-slopes. For our curve, any 
chord of the graph has a parallel tangent attached at a point between the ends of the chord. Kyo =S(%) 
This step was of great importance because techniques for finding slopes of tangents are starting values, 
available. If it is known that converges if 

|tangent-slopes| < 1 |chord-slope|<1 


for some interval 


tangent 
parallel 
to chord 


| 
| 
| | 
| | 
tangent-slopes|<t 
| | 


Se ——_————— eg 


x 


then the slopes of chords with end-points in the interval must also have modulus less than 1, 


21 
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The key steps in the argument were as follows. The chord, with end-points in the interval, 


tangent | 
parallel | 
to chord | 


rd 


is parallel to a tangent attached at a point also in the interval, so 


|tangent-slope| < 1 
and hence 

|chord-slope| < 1. 
We then considered the test 

|tangent-slope| < 1 


for the formula 


ie. 


The derived function gives the slope of the tangent, and here 
on 
"(x) = 3x? -—, 
f'(x) = 3x° 55 


The inequality 
P@<1 

was solved to find out where it was true that 
|tangent-slopes| < 1. 

The technique of Solution 4.3.4 was used to obtain 
I< 1 for xe ]-2,4L 

The first thing checked was that 


actually has a solution in ]—},}[. This was done by checking that the graph of 
—j and below at x = j. Alternatively, 


y= x? —4bx + } lies above that of y = x at » 
you could check that x3 — ?Jx + } changes sign on [—3,3]. 


Thus, starting with x,in ]—},3[, x2. must be closer than x, to the solution «. The starting 


value x, = 0.6isin ]—3,3[, and that iteration did converge; x, = 1 is outside ]—3,3{and 


that iteration diverged. 


The next starting value considered was x, = —0.5 (which is in the interval ]—3,3[). The 


iteration failed to converge, making the point that the condition 
Io<1 


is important, but far from the whole story. The problem lay in the fact that x, = —0.5 was 
in the interval ]—},2[, which guaranteed that x. = 0.96875 was closer than x, to « 
(= 0.5354) but, unfortunately, x2 did not lie in the interval for which | f'(x)| < 1, so the 
condition did not guarantee that x3 was closer than x; to a, In fact, x; was further away, 


and the iteration diverged. 


If’ (x) <1 


%; is closer to @ than is x), but x2 ¢ }-#,3[. 


As in Solution 4.3.2. 
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Thus there was a need for a condition to ensure that the starting value x; was “near 
enough” to 2:to avoid “jumping over” a and landing outside the interval where | f’(x)| < 1. 


At this stage all we knew about « was that it was in ]—},3[, which is too large an interval. 
The problem was to decide on an interval containing which would be small enough to 
prevent an x, in the small interval giving an x2 outside ]~},3[. This was tackled by 
considering “worst possible” cases, 


x), @ in here 


elbow room 


We found that the following condition would guarantee that the sequence never jumped 
out of the interval for which |f'(x)| < 1. Choose the starting value x, to be in a small 
interval containing « which has at least its own length on either side as “elbow room” within 
the interval for which | f’(x)| < 1. 


Problem 4.3.6 
(i) Show that x = x? — ae + ; has a solution in [0.5,0.6]. 
(ii) Use an “elbow room” argument to prove that the formula iteration 
Beer 
Xne = | 


will converge for any starting value in [0.5,0.6]. 


The programme closed by checking the prediction given by Solution 4.3.6 for x, = 0.5. 


Post-programme Work 


We can summarize the test for convergence of 


Xnv1 =S%n) 
with starting value x, as follows. 
1. Find f'(x). 


2. Solve the inequality | f’(x)| < 1. 

3, Write down a small interval in the solution set above. 

4. Check that « lies in this small interval and that the interval has enough elbow 
room. 


When all the above are satisfied, any starting value in the small interval will 
always lead to convergence for polynomial functions f and other functions such 
as sine, cosine, logarithms and exponentials. 
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Problem 4.3.7 


Consider the formula iteration x,,, = f(x,), Where 
SQ) = + 4x44. 
(i) Given that f(x) = 3x? + 4, find the solution set of the inequality | f’(x)| < 1. 
(ii) (a) Write the equation x = f(x) in the form 
expression involving x = 0. 


(b) Show that the equation in part (a) has a solution, «, in the interval 
(0.1,0.2]. 


(iii) Prove that iteration with starting value 0.1 will converge. 


(iv) Find the value of « to four decimal places. 


Problem 4.3.8 


Consider the formula iteration x,4; = f(x,), where 
f(x) =x? — 3x? + x44. 
(i) Given that f“(x) = 3x? — 6x + 4, find the solution set of |/"(x)| <1. 
(Hint: x? — 2x + § factorizes as (x — 4)(x — $).) 
(ii) Write the equation x = f(x) in the form expression = 0, and hence show that 
there is a solution in [3,1]. 


(iii) Prove that iteration with starting value 0,7 will converge. 


That completes the main theme of this section, but we should like to draw your 
attention to some points that you may well have noticed already. 


Every time the term x? appears in a function, 3x? appears in the derived function; 
more than that, the terms in the derived function seem to arise from the separate 
terms in the function, with the exception that constants seem to vanish. In order 
to make use of derived functions for testing iteration, we need a systematic 
investigation into how derived functions are built up; finding them from first 
principles takes too long for regular use. To point the way, we ask you to find 
derived functions for two particularly simple functions. 


Problem 4.3.9 
(i) Find the derived function of f:x-—+ 1 (xeR). 
Hints Find 222 MESO) 


h 


(ii) Find the derived function of g:x-—+ x (xeR). 


In the next section we shall build on the derived functions that you already know 
to give systematic techniques for finding derived functions. 


Postscript 


In the course of this section we have made vital use of two properties of the graphs 
that we have considered. Firstly, that ifthe graph of y = f(x)isbelowy = xatone 0 1 2 3 x 
point, and above at another, then at some point in between, y = f(x) crosses ‘The integer part function 

y = x. This is fine provided the graph of y = f(x) has no “jumps”. Secondly, we A graph with “jumps” 
have argued that any chord has a parallel tangent attached at a point between the 

ends of the chord. This is true provided that the graph has no jumps or “corners”, y 

The polynomial functions of this section and the sine, cosine, logarithm and 

exponential functions have neither jumps nor corners. Deciding which functions 

have neither jumps nor corners is part of a subject called Analysis (the theory of 

calculus), which is considered in subsequent courses. 


0 x 


The modulus function 
A graph with a “corner” 


4 
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4.4 DERIVED FUNCTIONS 


In this section we continue the task of compiling a list of derived functions and 
form some conjectures about how the derived function of, say, 


xr 3x? — 2x7 +5x-3 (xe R) 
is related to the derived functions of the simpler functions 
xx? (xeR), xx? (xeR), ete. 


We shall make use of the results obtained so far: 


Rule for function f Rule for derived function f’ 
xed x0 
Xx x1 
xx? Xr 2x 
xx? xr 3x? 
xxi — x xr 3x? - 1 
5 1 1 
: x5 


We shall apply the idea of derived function to the finding of horizontal tangents 
and to the checking of formula iteration for likely convergence. 


You will probably need some paper for rough work as well as a pen or pencil. 


Now start the tape 


Z| Application to F(x) = 2* 
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Reminder 


h can't be 2ero 
Or We Wouldn't 


ave 2 points f 


Sepe of chord is flan) F(a) 


Slope of tangent: value as h tends fo 2e0 


Arise fan 


Binomial Theorem 


Fan a (anyr=[ | 
faath)-Fay = ee 


a 
h 
Slope of tangent a 
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3 | Derived Funchon of x +> x4 (x eR) 
Slope of tangent at (a ,a*)is 4% 
"Slope Function” has rule a b 4o8 
Derived function IS 2 Fe 423 (cm) 


4-| A Problem 
Find the derived functon for fF: +->ac5 (xe R) 


Flasn)= (ae? = [ 

Coe | ee 

ONE a 
h 


Slope of tangent at (a,a®) is [ee] 
Derived Function is +> [|i eR) 


Rule for Funchon —_ Rue for derived Function 


Xt> xg 
ieee 
Lr> xs 


axr> xt 
tae 
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© | General Result 


If F:acr> oc" (xe TR) 
then Fliers nat! (eR) 


for gny. positive integer n. 


Neither red 
nor x be-t2 can 
have 2er0 in the 


Lre—Zze, as before, 


We shall assume that the rule for the 

derived function of 
ioe 

i$ xen 


for any. integer n, 


necessary care 
with domains 
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9} Multiples of Powers of x. 
Example f(x) = 42? 
Ff(ath)= A(athy = 


‘aos fe) = —— 
Tangent oe is ies 


so fe = [ 


Example £ (x) = -$x? 


Fath) = -3(ath)* = Sans 


aoe =| 
f(ath)- 
Tangent slope at (a,-402) is Aaa 
So Fix) = [| 


fest 


then Fey = 
IF (xc) = Ka” 


then ftx)= |] 
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IF fixers kx" (cer 
then f!.a +> Knac™ (sce) 


for 'n a positive integer, 
K a conéant. 


Polynomials 


A simple example : f(x) = 3xc2+ 22+! 


f(ath)= S(ath)?+Z(ath)+! = | 
F(ath) - #(@) a 


Slope of tangent at (,30%Za+!)is[__] 


Hoo=[__] 
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12 | foc) =3ax2+2ac+1 examined 


The “parts” of foc) are 


3x x2 ZO | 
Individual! ly | | 4 | 
SZ 0 


Which are the separate parts of 
fc) = 6x+2. 


The derived function for a 
lynomial Function is just 
“the sum of the separake terms’ 


Find the derived Function of 


for) = Ba? + Ax® - -6 (x€R). 


O89 


foe) = 3x 302+ 4x22 - 3xl - 6x0 (2xcER). 
fixe) = Ane? 182-3 (2c eR). 


M101 114.4 


\4-] Horizontal Tangents 


For = F(a) = 208 + Ix? -3x-6 (xe) 
wehave foc) = a+ IBa-3 (eR). 


The tangent to the graph of Ff has Sope Zero. 


y 23a 4xc?-32x-b 


Horizontal Tangents occur where Foc) =O. 


15 | Summary : Horizontal Tangents 


To find points with horizontal tangents on the graph of 
Y= Foo). 


|. Write down the derived funchon as, 
Fixe) = Capesion Helis, 


2. Find 2-Values for which 
£' (x) =0. 
3. Find corresponding y-values. 
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lo | Example 


Fina the points with horizontal tangents on the graph of F: 
y = 2x3 + 3007-12 + | 
(ie. y=F(ec) for flocy= Zac 3xc*—ldae+!). 


\. Write down Fc): Fhxy= 2x Bac?+ 3x2o -12x1+0 
ie. Flacy= bx2+620-I2. 


2. Find x-values for which F’ecy=0 : F'ec)=0 iF 
and only if G2c*+boc -12 =O. 
ie =x? +9c-2=0 
ie. (x-I(xc+2)=0. 
Tws F'(09=0 for x=! or x=-2 
Check + F'(1)=6x\? +x! 12 =O 
$'(-2) = x(-2)*+ 6x(-2)-12 =O. 


3. Find corresponding y- values : 
When x=1, y=2xl?+ 3xI?-12xI+1--6 
when o=-2, y= 2x62) 3x(2)*12x(-2)4 =21 


Hence the graph of y= 258+ Boc*- 12541 has 
horizontal tangents at (1,-6) and (-2,2)D. 


17\ Sketch Graph 


gb 


18 | Application to Formula Ikeration 


M101 II 4.4 


Consider — Lay = p-2C+0'5, 

x, = 05. 
Following the scheme in the TV Section : 
1. Write down the ikeration function, Fix) =x x*+0'5. 
2. Find the corresponding derived Function, Floc) = Sx 2c+0. 
3. Find our where \Poxyl<) 

| 3x? - 22 | <| 

ec 

WG-22. GaSe Non soesez | Sal 


ie. I+2x-3x7 >0 and 32x°-2x+1 >0 
ie. (It3xYI-) 90 and = 3(x-2)*+ 2 >0 


x<)-3.10 aways, true 


4. Locate solution of x=f6c). 
Since x3-x405 -x2 70 when x=0-4 
and x3-2740'5 -x<0 when x-06, 
there is a solution in LO-4,0-6]. 
\Flep |<! here 


; wn ea a 

meas 
This iteration meds the requirements of the test. 
[0-4,0-¢] has enough elbow room in Feit 
The iteration will be successful. 


Check: calculate x,,...,%,.. 
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IA} Answers 


X= 04121094 
X4= 0°4+001561 
X= 0:4039501 
X= 04027392 
X,=0-403125 
X= 0403002 
X= 04030412 
X= 0 4030237 
X= 04030327 
Ln 0:4030314 
X= 0-4030313 
Xiy= 04030317 
Lis= Ly4 - 


Summary 


The results we obtained can be 
Summarized as: 


sum of the separate terms 


polynomi al 


We no longer need fo treat every. Function from 
First principles. 
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45 LIMITS 


In this section we shall take a brief look at an idea which has already appeared 
several times in the course: the idea ofa limit. The main purpose of the section is 
to provide some convenient language and notation for situations that you have 
already met, although there are some exploratory problems as well, 
In Block I, and again in this unit, we have looked at sequences 

HisXapXeyvaos eee 
arising from formula iteration. We know that some formula iterations converge, 
that is the values 

X1,X2,X3y006 
obtained using 

Xnt1 = S(%n) 
get closer and closer to a number, «, which is a solution of x = f(x), For example, 
using a calculator and the rule 

Xnt1 = e (: + 2) x, =1 

StS (Re rf a 
gives the sequence 

1, 1.5, 1.4166667, 1.4142157, 1.4142136, 1,4142136,... . 
We also know that if 


vate 42 
ame x 
then 
dx=x+— 
s! 
ie, x= 
2 
ie. x? = 2, 


The sequence above certainly seems to be converging rapidly to the solution, ,/2, 
of this equation, Adapting the language used in Section 4.2, we say that x, tends to 
./2 as n increases. 


What this statement is intended to mean is that we could make the value of x, as 
close as we wished to ,/2 by taking sufficiently large values of n (ie. by doing 
enough iterations). There is a suggestive notation used in such situations, We 
write 

lim x, = /2, 

no 
which is read: 

“the limit, as n tends to infinity, of x, is /2”. 


Words of caution are appropriate here, The values of the terms x, never reach ,/2: 
they cannot, because we started with x; = 1 (a rational number) and the formula 


1 2 
Xn = if 55 fal 
involves only adding, multiplying and dividing. Hence x, is also a rational 
number, likewise x3, and so on. All the terms in the sequence 
Rg5cayeas 
are rational, whereas Ei 2 is not. Equally, n never “reaches” infinity, which is not a 
number. 


Providing these points are borne in mind, the language and notation for limits is 
very useful. 


Another example of a limit is probably familiar to you in a different guise. 
Consider the statement 
4 ='0,3333..5 


36 
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What does it really mean? If we are to avoid statements about “going on forever”, 
it must mean that 


3 
03 => 
3 43 
033 =) + 799° 
Cae 3 
0.333 = 15 + 799 + i000" 
etc, 


are better successive approximations to 4 and that we can obtain as good an 
approximation as we choose by taking enough terms. Using the notation just 
introduced: 

x (DOA 

n=» \10 ~ 100 10") 3 
Our third, and final, example is provided by the process of finding derived 
functions, that has occupied much of this unit. The key step in finding the derived 
function of f is to investigate 

f(a +h) = f(a) 

h 


as h tends to zero, If 


fark fo) tends to some value as h tends to zero, 


then we have obtained the slope of the tangent to y = f(x) at (a,f(a)). Our 
limit notation can be adapted to this situation: 
f(a +h) = f(a) 
h 3 
The right-hand side is read as: “the limit, as h tends to zero, of...". 


slope of tangent at (a, f(a)) = lim 
hoo 


The careful and precise definition of what is meant by a limit, and the rigorous 
finding and justification of limits, belongs to the part of mathematics called 
Analysis. Such precision and formality are not appropriate to a foundation 
course. We shall make some reasonable assumptions and investigate one or two 
useful limits in a fairly informal way. 


Our basic assumption is 


ie =o 


neon 
ie. we may make 1 as close to zero as we please by taking sufficiently large values 
of n. Most of our limits will be related, more or less directly, to this one. 
Problem 4.5.1 


(i) (Preliminaries) Suppose that a and b are real numbers such that 0 < a <b. 


Show that0<+<!. 
ba 


(ii) Use the Binomial Theorem to show that 
2>n 
for any positive integer n. [Hint: 2= 1 + 1.] 


(iii) (a) Deduce that 0 < 4 < : for any positive integer n. 


(b) Deduce that tim x =0. 


The idea behind Solution 4.5.1 is fundamental to working with limits. The limit 


that you are trying to find (of. 4 in Solution 4.5.1) is compared with one already 


known lr i i 
n 


The slope of the chord joining 


(a,f(a)) to (a +h, f(a + h)), 


Provided that the limit exists. 


1 
Note: We do not say . gets smaller 
because —1000 is less than (ie, 
1 is 
smaller than) T00 but —1000 is 


farther fi than is —. 
farther from zero than is 775 
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Although we shall not so here, the result of Solution 4.5.1, 


rte 


can be generalized to 
lim r"= 0 for any real number r with —1 <r <1. ie. |r) <1 


no 


Although we shall not justify this result, you may use it when necessary. 


The result lim r” = 0 for —1 <r < 1 can be applied to show why 4 = 0.333... is, 


nvm 
indeed, a reasonable statement. If we look at the successive approximations to 4, 


8, =03 -3(%) We have used s,,52,.,. because the 
10 approximations are sums of terms. 
1 1 1 1 

52 = 0.33 = 35+) hot we) 


s Less deed 
53 = 0.333 littl 


1 1 1 
= 033,.3=3[i5+ et . +a 
we see that each successive s; involves one more term. 


It is possible to obtain a formula for s,, as follows; 
1 1 1 
= 3 pt age t oe + ra 


hs eects ils pyalinay 5 De. \, 
10°" ~ *\10? * 108 10"? 


aac 


4 = (i) - aber: 


all other terms Sages Thus 
9 1 y\ntt 
io 3{i0~ fl): 
nti 
ic. 5, = peal - (i) } 


=F 10 ~ lo): 


1\nt 
By taking n large enough, we can make the bi ol term as close to zero as we 


please. So 
sami GINO 


The argument used above to find s, will generalize. Suppose we have a sequence 
constructed as follows: 
s;=a Our example obtained from 4 


S2=a+ar corresponds to a = 7," = th 
$3 =a+ar+ar 


Sn = a+ ar + ar? + +++ + ar" 


where a, r are two real numbers. 
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Problem 4.5.2 
(i) Write down s, —rs,, and hence show that 
&= PoP) provided r #1. 


(ii) Deduce that, provided —1 <r <1, 


lim £ 
im 5, =—— 
i= 


The “infinite sum” 

a+ar+ar +ar ++ 
is known as the geometric series with first term a and common ratio r. (The ratio of 
each term to the previous one is r.) The result of Solution 4.5.2 is sometimes 
referred to as “the sum to infinity” of this geometric series, i.e, 


a 
atar+ar+. To, When -1<r<t. 


Problem 4.5.3 


Interpret 0.111... as a geometric series, and hence find its value as a rational 
number. 


Any recurring decimal can be dealt with in a similar way, For example, we may 
interpret 

0.13131313... 
as the geometric series 

13 13 13 


{00 * 10000 * 1000000 


eee 


3 1 5 
. Since r = Too does satisfy 


with first term a = an and common ratio r = ue 
: “* 700 ~ 100 


—1<r <1, we can deduce that 


0.13131313... 


We conclude this brief introduction to the language and notation of limits by 
asking you to explore one limit that will be useful later, in Block III. 


Problem 4.5.4 


(i) A certain bank pays 10% interest per annum, but adds interest half-yearly to 
the account. If £1 is deposited on 1 January, how much is in the account on 31 
December of the same year, providing no withdrawal is made? 


(ii) A rival bank also pays 10% per annum, but pays interest quarterly. Repeat part 
(i) for this case. 


(iii) What is the effect of a bank keeping the rate at 10% per annum, but paying 
interest 5,6,7,... times per year? 


The results of Solution 4.5.4 suggest that the ultimate in “friendly bank 
managers”, who offered to pay interest as often as the customer chose to 
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nominate, would never give the customer more than 
.1\" 
lim ei + | = £1.1052 
no n 
in the account at the end of the year. 


A closely related limit is 
" 
lim ( aE ; ‘ 
pees n 


Problem 4.5.5 
Find an approximate value for 


a\n 
lim ( + ‘} 
new n 
by taking large values of n. Compare your result with inverse In of 1. 


As suggested by Solution 4.5.5, the result 
" 
lim ( + i) =e, 
n 


no 
the base for the logarithms produced by the In button, is actually true, and we 
shall make some use of the fact in Block III. 


OBJECTIVES 


After studying this unit you should be able to: 
1 draw cobweb and staircase diagrams to illustrate formula iteration; 


2 find, in simple cases, derived functions by applying the limit of chord slope 
method, i.e. 


imZe@th=SO). 
ho h 
3 write down the derived function of a given polynomial function; 


4 use derived functions to obtain the equations of tangents to curves and to 
locate horizontal tangents; 


5 use the derived function to determine whether a given rule for formula 
iteration will converge; 


6 convert a given recurring decimal into a rational number using the formula 
a .. . 
rer for the geometric series 


at+ar+ar+4e, [r<k 


SOLUTIONS TO PROBLEMS IN THE TEXT 


Solution 4.1.1 
(i) (a) xy 


X2 = 
X3=7.06 (7.0625) 
X4=27.63 (27.628906) 
X= 658.84 (658,84084) 


Xe = 431441.88 
X7 = 1.8614 x 10"! 
(b) x, =15 


xy = 2.25 
X3=2.06 (2.0625) 

X4=2.00 (2,0039063) 
(2.0000153) 


Note: We have given the full displayed values for 
reference, 


(ii) Equation is 
x=x?— 4x46, 
ie. x? -5x+6=0. 
(iii) Factorizing: 
(x — 2)(x — 3) =0, 
hence x-2=0 or x-— 
thus x=2 or x=3, 
Solutions are 2 and 3, 


Solution 4.1.2 


Our displayed values were: 
(i) x, =2.9 


Xs = 2.185302 

Xo = 2.0343368 

x7 = 2.001179 

The iteration is converging to the solution x = 2. 
(ii) x; =3.1 

x; = 3.21 

x3 = 3.4641 

X4 = 4.1435888 

Xs = 6.594973 

Xo = 23.113777 

Xy = 447.79157 


The iteration diverges. 
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Solution 4.1.3 
(i) In completed square form, 
y= —x? + 4x —J= -(x 27 +3, 
ye 


0 I 2 3 


(ii) At the intersections of the graphs we have 
y=x and y=—x?+4x-j, 
so the x coordinates satisfy 
x=—x? +4x—] 
ie. x? -3x+}=0. 
(iii) (a) 
vy 
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tiv) (a) 


the intersection would look as follows: 


For obvious reasons, such diagrams are called 


“cobweb” diagrams. 
(b) "4 
a4 


The conclusion is that the iteration converges to the 
larger of the two solutions of the equation in 
part (ii). An enlarged view of the region around 


The conclusion is that the iteration diverges. This 
type of diagram is often referred to as a “staircase” 
diagram. 

By drawing a diagram like that in part (iii)(b), we 
see that if we start to the left of the smaller solution, 
the iteration will diverge. 


(b) *# 


a 


0 am 2 3 
The iteration converges to the larger solution. 


(ii) (a) 
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(c) 


1 2 3 x 


The iteration converges to the larger solution. 


Solution 4.1.4 


(i) (a) From the graph, « is approximately 1.4, 
(b) 


patents 


The iteration converges to a. 


The slope of the chord joining (x;,x2) and (a, a) is 


a—xz 
a—x, 
Now x; = 1,s0 x2 =4(1+#)=3. 


Hence the slope is 


a-? 
ras is 
Since «= 1.4, this slope is approximately 
14-15 
‘14-1 
ie. chord slope= —0.25. 
Thus |chord slope| = 0.25. 


a 


(b) The slope of the chord joining (x2,x3) and (2,2) is 
Bey Sica =a ey 2 eee 
a—x, lame cea MES 7) ea 


The two points of intersection are at x = 3. and x =m 
these points are to be the same, we require 


Using «= 1.4, we have 


4 — (17/12) 
sed storm A aD 


Thus |chord slope|=—. 


(c) Slope of chord joining (X,,X%,+1) and (a,«) 
a —Xno 2 


i. tt =5 =I, id 
is = Putting « 2 ilar an 


a) 


Thus |chord slope| = |= 


Now, «= 1.4, so if x, is close to a we also have 
X, = 1.4, Thus, approximately, this modulus is 


|—0.0102041) 
=0.0102041, 


2 14 14) 


Solution 4.2.1 


Following the method used in the text, the equation of a line 
with slope m has the form 


must have 


yemxte 
for some value of ¢. This line is to pass through (3,9), so we 
9=mx3+e 
» C=9—3m, 


The equation of the line through (3,9) with slope m i thus 


= mx + (9— 3m). This line intersects the curve y = x? 


where 


x? = mx +9 — 3m, 


ie. x? —mx +3m-—9=0. 


We know that one intersection is at x = 3, so the equation 
must factorize as 


(x = 3)(x...) = 0. 


To make the constant term, 3m — 9, correct, the factorization 
must be 


(x — 3)(x —m+3)= 
—3.1f 


3=m-3, 


ie, m=6, 
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Thus, the tangent to y = x? at (3,9) has slope 6 and the 


equation is 
y=mx +9—3m 
=6x+9—-18 
= 6x —9, 
ie. 6x — 9. 
Solution 4.2.2 
(i) (a) The x coordinate at (—1,1) is —1, so the slope of 


(ii) 


the tangent is 2 x (—1) = —2. 


(b) The slope of the tangent at (4,4) is 2 x (4) = 


(a) Wewant the equation ofa line through (—1, 1) with 
slope —2. The equation must be of the form 


y = (—2)x +.¢, for some number c. The line is to 
pass through (—1,1), so 
1=(-2)x(-I)+e 


hence c = —1. The equation is 


y= —2x-1. 
(b) By asimilar argument to part (ii)(a), the equation is 
of the form y= 1 x x +c. Since the line passes 


through (4,4), we have 4 = $+ ¢,soc = —}. The 
required equation is 


yex-kh 


N.B, From now on, we shall concentrate on the slopes of 
the tangents to a curve; where the equation of a particular 
tangent is required, we shall usually work it out from first 
principles, using the slope and the fact that the tangent passes 
through the point on the curve. 


Solution 4.2.3 


(i) 


(ii) 


The line has slope m so it has an equation of the form 
y = mx + c. The line has to pass through (a,4a — a”), so 
we have 


4a—a? =ma+ec 

ie. c= 4a—a*—ma. 

Hence the line has equation 
y=mx + 4a—a? — ma. 

At the points of intersection we have 
y=4x—x? and y=mx + 4a— a? — ma. 


Hence the x coordinates of the points of intersection 
satisfy 


4x — x? = mx + 4a — a? — ma, 
ie, x? + mx — 4x + 4a — a? — ma =0, 
ie. x? + (m—4)x + 4a — a? — ma =0. 


(iii) We know that one point of intersection is where x = a, 


so the quadratic equation in part (ii) must factorize as 
(x — a\lx...) =0. 


In order to get the constant term, 4a — a — ma, correct, 
the factorization must be 


(x —al(x—4+a+m)= 


Thus, the intersections occur where x = a and where 
x = 4—a—~m. If these two values are to be the same, 
then 


a=4-a-—m 
ie. m=4—-2a, 
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(iv) (a) The slope of the tangent to y = 4x — x? atx = ais 
4—2a, 
(b) The derived function (ie. the “slope-function”) has 
tule a-—+4 — 2a, or x-+4 — 2x, so the derived 
function is 


giixr—+4 — 2x (xeR). 


Solution 4.2.4 


(i) The coordinates of (a +h, g(a + h)) are 
(a +h, (a +h)), ie. (a +h, a? + 3a7h + 3ah? + h3), 
(ii) The slope of the chord is 
gla+h)— g(a) a® + 3a*h + 3ah? +h — a 
h id h 
3a2h + 3ah? + h® 
4 h 
= 3a? + 3ah + h?. 


(iii) As h tends to zero, 3a? remains the same and both 3ah 
and h? tend to zero. Hence the chord slope tends to 3a*, 


(iv) The slope of the tangent at (a, a*) on the graph of y = x’ 


is 3a’, 
(v) The derived function g’ of g is 
giixr—+3x? (xe). 
Solution 4.2.5 


The graph of y = x* will have a horizontal tangent if the slope 
of the tangent is zero. The slope of the tangent at (x, x*) is 3x?; 
this slope is zero when x = 0. Hence the graph has just one 
horizontal tangent: at the origin, (0,0). 


Solution 4.2.6 
Following the scheme in Solution 4.2.4: 
Coordinates of (a +h, k(a + h)) are 
(a+ h(a +h) + (a+h)), 
ie. (a +h, a? + 3a7h + 3ah? + h? +a +h), 
Slope of chord joining 
(aa>+a) to (a+h,(a+h+(a+h)) is 
k(a +h)—K(a) _ a? + 3a*h + 3ah* +h +a+h—ai—a 
h a h 
3a*h + 3ah? +h? +h 
h 
= 3a" + 3ah +h? +1 


= (3a? + 1) + 3ah + h?. 


As h tends to zero, this chord slope tends to 3a? + 1. Hence, 
the slope of the tangent at (a,a*+ a) on the graph of 
y=x3+x is 3a7+1. The derived function is 
ki:xr—+ 3x? + 1 (xe R). 


The curve will have a horizontal tangent at any point whose x 
coordinate satisfies 3x? + 1 = 0, Since x? cannot be negative 
for xeR, there are no such points. Hence the graph of 
y =x* + x has no horizontal tangents. 


Solution 4.3.1 


= aes + Se have 
16 4 


(i) From x =x? 
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(ii) (a) 
x3 = 0,5390403 
x4 = 0,5360357 
Xs = 0,5354969 
Xo = 0.5354033 
x7 = 0,5353872 
Xp = 0,5353844 


Thus x7 = x3 = 0.5354 to 4 decimal places. The 
sequence converges. 


(b) x,=1 
x2 = 10625 
xy = 1,2189941 


X4 = 1,7233019 

X5 = 4.6830389 

X6 = 100,23345, 

X> = 1006951.7 

xy = 1021 x 108 
The sequence diverges, 


Solution 4.3.2 
(i) fa+h=(a+h That +3 
=a? + 3a*h + 3ah? + h® et 
f(a) =a* - va +3. 
Hence 


Wl 
S(a +h) = f(a) = 3a*h + 3ah? +h? ~ 6h 
So 


fla +h)=f(a) _ 4 2 
ae erecta: = 3a? + 3ah +h 6 
(since h # 0) 


1 
=3a7-— +h . 
ja 16 tha + h) 


11 
This approaches 3a? — 16 as h approaches zero. Thus, 


the slope of the tangent to y = f(x) at the point (a,/(a)) 


11 
is 3a? ——, 
is 30-5 
a e a_i s 
(ii) The rule is a-—+3a' 16 or, as usually written, 
il if 
Bx? Lens x 3x? =, i 
x 3x! ria f's x 3x’ 76" OF alternatively, 
iB 
Ge) eave 
S'@) = 3x8 — Te 
Solution 4.3.3 


(i) The statement |x| < 4 asserts that distance of x from the 
origin (on the number line) is less than 4, 
4 units 4 units 


o 0- 
-4 0) 


xis in here 
The solution set is ]—4,4[. 


(ii) The statement xe]—4,4[ is equivalent to two 
inequalities: 
—4<x<4, 
or, alternatively, 
—4<x and x<4 
° 


4 4 


ik 
-4 0 


=O 0 
+-4,4[=]-4, e[9]-20, 4[ 


a6 


Solution 4.3.4 


Following the hint, the distance of x — 1 from the origin is 
less than 3 when 


-3<x-1<3, 

This is equivalent to the two inequalities 
-3<x—-l and x-1<3. 

Using the definition of <, these become 
(x-—1)-—(-3)>0 and 3—(x—1)>0, 

ie. x+2>0 and 4—x>0. 


a+o0 


— 
+2, 4[=}-2,0[ 9 Jee, 4[ 
Thus the solution set is ]—2,4[. 


Solution 4.3.5 
a8 
We may rewrite |3x? — q <las 


a8 
= 2 oe 
1<3x 16 <) 


giving 
i i 
st Co = heels 

1 < 3x 3 and 3x’ 6 < 1, 


5 27 
2 =3x2 4 
3x +728 and = —3x' +762 


The left-hand inequality is true for all values of x (i.e. has 


solution set R) because 3x? >0 and hence 3x? +4 >0. 
Factorizing the right-hand inequality gives 

—3(x? — %) > 0 
ie. —3(x —3)(x+3)>0. 


Now, —3 is negative so, to obtain a positive product, we 
require 


(x —Pxt+)<0. 
= n= = Fem a RT 
one 1 +++ 
ge gprs ha hk cht sd kath ith ib 


(x9) (+9) 
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Thus, the solution set for the second inequality is ]—},3[. 


The solution of bx = i <1isRn]-3aL ie 1-236 


Solution 4.3.6 


2 
(i) When x=05, 3 — ue +5 = 0.53125, which is 
greater than 0.5. 
il 3 ere? 
When x = 0.6, x3 — ie" + ts 0.5535, which is less 


than 0.6, 


Hence, the graph of y = x* — a + Hes above that of 


y =x when x = 0.5 and below it when x = 0.6. Thus 


Hs 
epee ak {ome 
16" + 4 has a solution in [0.5, 0.6]. 


Alternatively, as in Block I, Unit 1, you could check that 


7 
16 
we shall do in future. 


2 3 3 ou 
x ——x+ i changes sign in [0.5,0.6], which is what 


(ii) 


The elbow room for [0,5,0.6] is at least as long as the 
interval, so the iteration will converge for any starting 
value in [0.5,0.6}. 
Solution 4.3.7 
(i) |/'(x)| < 1 is the same as 
-1<3x7+}<1. 
Firstly, consider —1 < 3x* + 4, ie. 
3x? +4-(-1)>0, 
ie. 3x7+$>0. 
This is true for all x, ic. the solution set is R. 
Next, 3x7 +4 < I, ie. 
1 — (3x? +4) >0, 
ie. —3x?+}>0, 
ie. (—3)(x? -4)>0, 
ie. (—3)(x — Hx +4) >0. 
Arguing as before, we need 
(x —Pix+4) <0 


ee eee ee 
Pee Sak ere a ee ee as 

+ = 

ae 0 + 

a \ 
Cae a ee ee 


The solution set is ]—4,4[. 
Hence, | f"(x)] < 1 for Ra ]—4,4[, ie. ]—4.4[. 
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(ii) 


(iii) 


(iv) 


(a) We have x = x3 +4x+4,s0 


_ O=xs+4x+49—x, 
ie. 


x3 —}x+4=0. 
(b) When x = 0.1, x8 — 3x + $= 0.051, 
When x = 0.2, x3 — 3x + $= —0017. 
Thus x? — 4x + changes sign in [0.1,0.2] and 
hence the equation has a solution in [0.1,0.2]. 
If’ ()I<1 in here 


There is a solution, a, in {0.1,0.2]; the interval [0.1,0.2] 
is entirely within [—4,4] and has elbow room on each 
side which is at least the length (0.1) of the interval, Thus, 
any starting value in (0.1,0.2] will give a convergent 
sequence, 


x= 0. 
x2 = 0.151 

Xs = 0.166193 
x4 = 0.171385 
Xs = 0.172797 
Xp = 0.1733588 
xy = 0.1735497 
x = 0.1736147 
Xo = 0.1736368 


Hence « = 0.1736, to 4 decimal places. 


Solution 4.3.8 


(i) 


(ii) 


From 3x? —6x+§|/<1 we obtain (as before) 
—1 < 3x? — 6x + 4 and 3x? — 6x + § <1. Firstly, we 
need 3x? — 6x + Yi > 0, Using the “completed square” 
form: 3(x — 1)? + $ > 0. Since a square is non-negative, 
this inequality is satisfied for all xeR. 


Next we need 1 — (3x? — 6x + §) > 0, ic. 

—3x7 + 6x-—§>0 
or —3(x? — 2x + §) > 0. 
Using the hint, this is 

—3(x — Hix - 4) >0. 
Using the same methods as in previous solutions, this 
has solution set }4,3[. 
Thus | f’(x)| < 1 has solution set RO W.$0 = al 
The equation x = f(x) can be written 

O=x) — 3x? 4+ §x¢d—x, 
ie. x? — 3x? 4 4x+2=0. 
When x = 3,x? — 3x? + $x +4 = 8 =0,2407407, 
When x = 1, x? — 3x7 + §x+ $= -4. 
Thus the equation has a solution in [3,1]. 

(7 GO1<1 in here 
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Since there is sufficient elbow room, namely 4, iteration 
with any starting value in [3,1] will converge. Since 
0.7€ [3,1], iteration with x, = 0.7 will converge. 


Solution 4.3.9 
() f(a+h) = 1, because f(anything) is 1. 
hig oP) Oo eherniee ha 0 
h A h 
As h approaches 0, this expression “approaches” 0. 
Thus f'(a) = 0. 
Thus f’:a-—0, 


(ii) 


or f':x-+0, xeR. 


Remark: The above argument looks the same if 

J (x) = any constant, which indicates why constants in f 

disappear in f’. 

Since g(a +h) =a + hand g(a) =a, we have 
Esha at CE A 


~= 1 (h #0). 
h h Palliat 
As h approaches 0, this expression approaches 1, Thus 
g'(a) = 1, 80 g':x-—+1, xER. 


Solution 4.5.1 


(i) 


(ii) 


We are asked to establish that 0 < ; < :. We are given 


that aand bare both positive (0 < a < b). Hence! and 
are both positive. 


In order to establish x ‘ we must show that 1 a is 


b 


positive, ie. that positive, and this we can do 


ab 
because a <b so b —a is positive and ab is positive 
because a and b are positive. 


Having explored the situation, we can write out a 
justification. 


Since a <b, b — a is positive. 
Since 0 < a < b, aand bare positive, thus ab is positive. 


Hence =" is positive 
ap 8 Positive. 


deal. ee ieee 
Thus < — 5 is positive, ie. > <-. 


Be Wt rw 
But a, b are positive so ab are positive. 
Hence 0 <t<!, 
boa 
If we write 
a= (+17 
Se Ok 0 Wain OP Wi Cae 
we see that 


ET be 


52 n(n — 1) 
w=ltnt+ 2 


=n + positive termis. 


So 2" — nis positive, and hence 2" > n for any positive 
integer n. 


(iii) (a) Since nis a positive integer we have, using part (ii), 


that 
O<n<2" 
and hence, by part (i), that 


1 1 
(b) Asn gets larger, ees close to zero, and also e is 


Squeezed between zero and 1 Since 


we must conclude that lim 5 
Parts (ji) and (iii) justify assertions about the graph of y = 2* 
that we made in Unit 2 of this block, since they show that 
lim 2* = 00, ie. 2* tends to infinity as x tends to infinity, and 


that lim 2* = 0. 
Solution 4.5.2 
(i) Since s, = a+ ar + *+- + ar", we have 
ts, = ar + ar? + +++ 4 ar", 
and so 


Sq — 1S, = a — ar", 
all other terms cancelling, 
Hence (1 — r)s, = a(1 — "), 


ie. 5, = 


| (1 =P), provided r #1, 


(i) If —1<r<1, then lim = 0. All the other terms in 
the expression for s, are independent of n, Thus 


Solution 4.5.3 
Since O.111...2-4 4 piel es “vs, We have a 
10 100 1000 
geometric series with a= in r= ae Since r= at does 
10 10 10 


satisfy —1 <r <1, we have 


O111.. 


=I), 


Solution 4,5.4 
(i) At the first interest payment date, the bank adds 
4 of 10°% of sum in account, 
ie. £4 O.1 x 1), 
The total in the account is now 
0.1 
s(t +>] 
At the second payment date, the bank adds 
4x 0.1 x current amount, 
so that the total is 


O01 
1+ y] * current amount, 


M101 II Unit 4 Solutions 


A 01 0.1 0.1)? 
be ofr Q!) f+ 24) ef 
= £1.1025. 


(You may feel that you arrived at this result more 
quickly. We set out the working as above because the 
method generalizes.) 


(ii) This time, a of the current value is added at each 


interest date, so the values are: 


at the end of Ist quarter, (1 + ra 


2 
at the end of 2nd quarter, £ ( + a) ; and so on. 


The total at the end of the year will be 
4 
s(t + vl = £1.1038129, 


(iii) Arguing as above, and using the y* button on the 
calculator, the end-of-year values (in £) are: 


s 

( ae * = 1,1040808; 
6 

( + *) = 1.1042604; 


7 
( + “2 = 1.1043892; 


etc, 
With daily payments, we obtained 


0.1 )365 
( +365) = 1.1051557, 


For 10000 and 100000 payments a year, we obtained 


0.1. \ 19000 
( + ual = 11051698, 


0,1. | 100000 


100000) 
For larger numbers of payments we obtain 1.1051709. 


= 11051709. 


and (1+ 


Solution 4.5.5 
For various values of n we obtained results as follows. 


1\" 
n ( + i (approx.) 


10 2.5937425 
100 2.7048138 
1000 2.7169238 
10000 2.7181459 


100000 2.7182546 
500000 2,7182818 
1000000 27182818 


These results suggest that 


lim ( +1) =2.7182818, 


Since e* (inverse In 1)is approximately 2.7182818 (as found in 
Unit 2 of this block), we might suspect that 


lim ( +1) =e 
n 
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